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Abstract
In this paper we characterize the class of trees, unicyclic graphs and cubic graphs for which
the domination number is equal to the connected domination number. c© 1999 Elsevier Science
B.V. All rights reserved
1. Introduction
By a graph we mean a nite, undirected graph without loops or multiple edges.
Terms not dened here are used in the sense of Harary [3].
Let G=(V; E) be a graph. A subset S of V is called a dominating set if every
vertex in V−S is adjacent to some vertex in S. The domination number  of G is
the minimum cardinality taken over all dominating sets of G. A dominating set S
is called a connected (independent) dominating set if the induced subgraph hSi is
connected (empty). The connected (independent) domination number c (i) of G is
the minimum cardinality taken over all minimal connected (independent) dominating
sets of G [6,1]. A dominating set S is called a perfect dominating set if every vertex
in V−S is adjacent to exactly one vertex in S [2].
A vertex v of G is called a support if it is adjacent to a pendant vertex. Any
vertex of degree greater than one is called an internal vertex . For a subset S of
V , N (S) denotes the set of all vertices adjacent to some vertex in S and N [S] =
N (S)[ S.
Allan and Laskar [1] have proved that for any K1;3-free graph, = i. Harary and
Livingston [4,5] have characterized trees and caterpillars with equal domination and
independent domination numbers. In this paper we characterize the class of trees, uni-
cyclic graphs and cubic graphs for which = c.
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2. Main results
Theorem 2.1. For a tree T of order p>3; = c if and only if every internal vertex
of T is a support.
Proof. Let T be a tree of order p>3. We observe that the set S of all internal vertices
of T is the unique minimum connected dominating set in T .
Now let = c. If there exists an internal vertex v which is not a support, then
S − fvg is a dominating set of cardinality − 1, which is a contradiction.
Conversely, let every internal vertex of T be a support. Then >jSj and hence
= c.
In the next three theorems, we characterize unicyclic graphs for which = c. If
G is a cycle, then = c if and only if G = C3 or C4.
Theorem 2.2. Let G be a unicyclic graph with cycle C = u1 u2    un u1; n>5; and let
X be the set of all vertices of degree 2 in C. Then = c if and only if the following
conditions hold:
(a) Every vertex of degree at least 2 in V−N [X ] is a support.
(b) hX i is connected and jX j63.
(c) If hX i=P1 or P3; both vertices in N (X ) of degree greater than 2 are supports
and if hX i=P2; at least one vertex in N (X ) of degree greater than 2 is a
support.
Proof. Let G be a unicyclic graph with = c and let S be any minimum connected
dominating set of G. Then jSj= = c.
If (a) does not hold, then S − fug, where u is a non-support of degree at least 2 in
V − N [X ], is a dominating set of G.
Suppose (b) does not hold. If hX i is disconnected, S contains all the vertices of
at least one component, say G1, of hX i and hence S − fuig, where ui 2V (G1) is
a dominating set of G. If hX i is connected and jX j>4, we may assume without
loss of generality that X = fu1; u2; : : : ; usg where 46s<n. Then S does not contain
two adjacent vertices of X . If u1; u2 62 S, then S − fusg is a dominating set of G. If
us−1; us 62 S, then S − fu1g is a dominating set of G. If ui; ui+1 62 S, for 1<i<s − 1,
then (S − fui−1; ui+2g)[fuig is a dominating set of G.
If hX i=P1 = ui, then ui 62 S. If ui−1 is not a support, then S−fui−1g is a dominating
set of G. If hX i=P3 = uiui+1ui+2, then S contains ui (or ui+2). Suppose ui−1 is not a
support. Then (S − fui−1; uig)[fui+1g is a dominating set of G. If hX i=P2 = uiui+1
and both ui−1 and ui+2 are not supports, then (S−fui−1; ui+2g)[fuig is a dominating
set of G.
Thus in all cases, we get a dominating set of cardinality  − 1, which is a contra-
diction. The converse is obvious.
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Fig. 1.
Example 2.3. Unicyclic graphs with = c in which the subgraph induced by the set
of all vertices of degree 2 in the cycle is P1, P2 or P3, are illustrated in Fig. 1.
Characterizations of unicyclic graphs with = c when C =C3 or C4 are given in
Theorems 2.4 and 2.5. Since the proof is similar to that of Theorem 2.2, we omit the
details.
Theorem 2.4. Let G be a unicyclic graph of order p>4 with cycle C =C3 and let
X be the set of all vertices of degree 2 in C. Then = c if and only if the following
conditions hold:
(a) Every vertex of degree at least 2 in V − N (X ) is a support.
(b) C contains exactly one vertex of degree at least 3 or every vertex of degree at
least 3 in C is a support.
Theorem 2.5. Let G be a unicyclic graph of order p>5 with cycle C =C4 and let
X be the set of all vertices of degree 2 in C. Then = c if and only if the following
conditions hold:
(a) Every vertex of degree at least 2 in V−N (X ) is a support.
(b) If jX j=1; all the three remaining vertices of C are supports and if jX j>2;
C contains at least one support.
We now proceed to characterize cubic graphs for which = c.
Lemma 2.6. Let G be any connected graph and let S be a minimum connected dom-
inating set of G. If = c; then (hSi)<(G) where (G) denotes the maximum
degree of a vertex in G.
Proof. Suppose (hSi)=(G). Let u2 S be such that deghSi(u)=(G). Then S−fug
is a dominating set of cardinality − 1, which is a contradiction.
Lemma 2.7. Let G be a connected cubic graph of order p and let S be a minimum
connected dominating set of G. If = c; then
(a) hSi is a path,
(b) S is a perfect dominating set,
(c) p=2(+ 1) and
(d) c63.
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Proof. (a) Let G be a connected regular graph of degree r=3. Let S be a minimum
connected dominating set of G so that jSj= = c. By Lemma 2.6, (hSi)<3 and
hence hSi is a path or cycle. Suppose hSi is a cycle C = u1 u2    un u1. Let vi be the
unique vertex in V−S such that vi is adjacent to ui. Clearly viuj 62E(G) for i 6= j and
hence vi is adjacent to two vertices in V−S, say vj and vk . Now (S −fuj; ukg)[fvig
is a dominating set of cardinality − 1, which is a contradiction. Hence hSi is a path.
(b) Suppose S is not a perfect dominating set. If a vertex v in V−S is adjacent to
two internal vertices ui and uj in hSi, then (S − fui; ujg)[fvg is a dominating set of
cardinality −1. If v is adjacent to an internal vertex ui and a pendant vertex in hSi, say
u1, then S−fuig is a dominating set of cardinality −1. If v is adjacent to the pendant
vertices u1 and un in hSi, then S −fung is a dominating set of cardinality − 1. Thus
v is adjacent to exactly one vertex in S and hence S is a perfect dominating set in G.
(c) It follows from (a) and (b) that each pendant vertex in hSi is adjacent to two
distinct vertices in V−S and each of the remaining vertices of hSi is adjacent to exactly
one vertex in V−S so that jV−Sj= jSj+ 2= + 2. Hence p= jV j=2(+ 1).
(d) Suppose c =m>4. Let S = fu1; u2; : : : ; umg be a minimum connected dominat-
ing set with hSi= u1 u2    um. Let V−S = fw1; w2; v1; v2; : : : ; vmg where uivi 2E(G)
for all i=1; 2; : : : ; m, w1u1; w2um 2E(G) and uivj 62E(G) if i 6= j. Let S1 = fv1; w1g,
S2 = fvm; w2g and S3 = fv2; v3; : : : ; vm−1g. If two vertices in S3, say vi and vj, are
adjacent, then (S − fui; ujg)[fvig is a dominating set of cardinality  − 1, which is
a contradiction. Hence S3 is independent. By a similar argument we can prove that
no two vertices in S3 are adjacent to the same vertex in S1 [ S2 so that jS3j=2 and
c =m=4. Now since G is a cubic graph we have the following cases.
Case (i): v2 is adjacent to the two vertices in S1. Since no two vertices in S3
are adjacent to the same vertex in S1 [ S2, v3 must be adjacent to the two vertices
in S2. The remaining two edges are w1v1, w2v4 or w1v4, v1w2, or w1w2, v1v4 so that
fv1; u3; u4g or fw1; w2; u3g or fw1; v4; u2g is a dominating set of cardinality 3, which
is a contradiction.
Case (ii): v2 is adjacent to two vertices in S2. In this case, fv2; u3; u1g is a domi-
nating set, which is a contradiction.
Case (iii): v2 is adjacent to one vertex in S1 and one vertex in S2. Let v2 be adjacent
to v1 and v4. Then v3 is adjacent to w1 and w2 so that fu1; v3; v4g is a dominating set,
which is a contradiction. Thus c63.
Theorem 2.8. Let G be a connected cubic graph of order p. Then = c if and only
if G is isomorphic to K4; C6; K3;3; G1 or G2 where G1 and G2 are given in Fig. 2.
Proof. If G = K4, then = c = 1. When G = C6 or K3;3, = c = 2. When G = G1
or G2, = c = 3.
Now let G be a connected regular graph of degree r=3. Let = c and S be a
minimum connected dominating set of G. If c = 1, then G is isomorphic to K4. If
c = 2, then by Lemma 2.7, p=6. Also G is regular of degree 2. Hence G = C6 or
C3 [C3 so that G is isomorphic to C6 or K3;3.
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Fig. 2.
If c = 3, then by Lemma 2.7, p=8. Let S = fu1; u2; u3g be a minimum con-
nected dominating set in G and let hSi= u1 u2 u3. Let V−S = fv1; v2; v3; w1; w2g where
uivi; u1w1; u3w2 2E(G). Let S1 = fv1; w1g and S2 = fv3; w2g. We consider the follow-
ing cases.
Case (i): hS1i= hS2i=K2. In this case, v2 is adjacent to some vertex in S1 [ S2,
say v1. Now fv1; u3g is a dominating set in G, which is a contradiction.
Case (ii): S1 and S2 are independent. Since G is cubic, v2 is adjacent to one vertex in
S1 and one vertex in S2. Without loss of generality, we assume that v2v1; v2v3 2E(G).
Then v1 must be adjacent to w2 and w1 must be adjacent to v3 and w2 so that G is
isomorphic to G1.
Case (iii): hS1i=K2 and S2 is independent. In this case, v2 must be adjacent to v3
and w2. Without loss of generality let v1 be adjacent to v3 and w1 be adjacent to w2.
Then G is isomorphic to G2.
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